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TECENICAL NOTE NO. 909

SOME INVESTIGATIONS OF THZ GEWERAL INSTABILITY
OF STIFFENED METAL CYLINDERS
'Y - STIFFENED MZTAL CYLINDERS SUBJECTED
TO PURE BENDING

Guggenheim Asronautical Laboratory
California Institute of Technolegzy

This is the fifth of a series of reports
covering an investigation of the general
instability problem by the Californis
Institute of Technology. The first five
reports of this series cover investiga-
tions of the general instability problem
under the loading conditions of pure bend-
ing and were prepared under the sponsgor-
ship of the Civil Aeronautics Administra-
tion. The succeeding reports of this se-
ries cover the work done on other loading
conditions under the sponsorship of the
Fatlionel Advisory Committee for Aerornaubics.

-SUHMARY

This report summarizes the work that has been car-
ried on 1n the experimental investigation of the problem
of gensral instadbllity of stiffened metal cylinders subdb-
Jected to pure bending at the C.I.T. This part of the
investigation included tests of 46 sheet-covered speci-
mens, The most slgnificant result was the determination
of a new design parameter for the case ef a stiffened
metal cylinder subjected to pure bending.)

INTRODUCTION

It 1s intended %0 give in this report a summary of
the results of the experimental investigation of the
general instability of stiffened metal cylinders sub-
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Jected to pure bending. ‘The earlier work at CG.I.T. on the
problem of gsesneral lnstabllity of stiffened metal cylin-
ders has been reported in references 1, 2, 3, and 4. A
total of 46 shest-covered specimens has been tested.

The investigation was planned so as to include most
of the essential variables involved in the problem ang
was sufficient in scope to determine a sultadle design
paramebter. 4Although this parameter was obtained for spec-
imens subjected to pure bending, it is felt that it may
be possible through suitable modifications to use the
same parameter Ffor combined loadings. The experimental
data are also sufficient to allow a thorough check on
theoretical methods for predicting general instabllity.

A comparison of the predicted and experimental results 1is,
therefore, included in this report.

In addition to the above results, an account is also
glven of thé experimental studies which have been made to
give a better understanding of the mechanism involved in
the buckling phenomens of stiffened cylinders. The body
of this report, therefore, consists of four parts; namely,

(a) Experimental investigations on the fallure of
metal eylinders :

(p) A comparison between theoretical predicted gen-
eral lnstability stresses and the experi.-
mental results

(c) & discussion of the mechanism involved in the
buckling phenomensa of stiffened cylinders

(d) & new design parameter
EXPERIMENTAL INVESTIGATION

In starting this research. program, it was felt that
a complete sbtudy of the pure bending phenomena would form
a desirable background for the more complicated problem
of bending plus shear and for the more general combined
loadling conditions. With this idea in mind, the ressarch
to date has been confined to a systematic investigation
of cylindere subjected to pure bending.

To ¢btain a betbter understanding of the amount of
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experimental research work which ¢can now be considered as
-completed; 1t might De well to briefly review the varia-
bles involveéd in the problem of general instability.n_The
variables involved may be divided into two ' classes - those
dealing with the geometry of the structure and those ih-
¥olving the sectional properties of the stiffening ele-
ments as well as the sheet covering..

The geometrical variables involve.
fa) a variation of longlitudihal spacing

(b) a variation of frame_spacing_

(¢) a variation in diameber

"

(4) a variation in length
The second group of variables invelves:- '

"(a) a change in the section properties of the lon=
glitudinals T :

(b) & change in the section properties of the frames
(e} a changé in the thickness of the sheet covering

The first group of variables has been thoroughly in-
vestigated inasmuch as a large number of specimens having
2.53-, 5.06-, and 10.12-inch longitudinal spacings, and
"1-, 2-, 4~, 8-, and 16-inch frame specings have been
tested. Although the second group ¢f variables is not yet
completed, a sufficiént number of the variables have been
Iavestigated to form a basis for the analysis of general
instability. Three different frame sizes have been in-~
vestigated; that. is, frames F,, Fg, and Fy, (fig. 1), and
also two. different sheet thicknssses, O. 010— end 0.016-~
inch haveé been used. Bix specimens having a 20-inch diam-
eter have been.tested; all other specimeng are 32 inches
in diameter. ~Of the former, twd had an .L/D ratio of 2.6,
while in all other cases the L/D ratio was 2.0. Theé lon-
gitudinals have not been vdried.. Hewever, by varying the
sheet thickness, a certain variatidon in the section prop-
erties of the longitudinals is obtained, since a2 certain
effective width of sheet which varies with-the sheet thick-
ness is -assumed to act with each longitudinal

Thege varlables which have been investigated have been
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found sufficient to establish a suitable desigh parameter
for structures sudbjected to pure bending. Hence, 1f we
confine ourselves to the pure-bending phase of the inves-
tigation, it 1s felt that future work will only involve a
number of check speclmens in which the longitudinal sec-
tion properties gre varied. Also, an additional number
of specimens should be tested to further investigate the
influence of local instabllity of the frames. A4 few ad-
ditional specimens will be tested to further check the
length effect.

A complete list containing all the necessary data of
the sheet-covered specimensg which have bheen tested to date
1s given in table I. It ghould be noted that the maximum
unit compressive deformation o/E' at fallure is tabulat-
ed rather than the cémpressive stress, where ¢ 1is the
compressive stress and E' ig the effective modulus - the
reason being that in many cases the compressive stress at
buckling exceeds the yleld point of the material, and the
difficulty involved in determining the basic stress 1n
such caseg makes it desirable to use the unlt strain
rather than stress. The nondimensional quantity o/E' 1is
also more desirable from the standpoint of determining a
nondimensional design parameber.

The method of megsuring the unit strain at fallure
was discussed in reference 4 and needs no further dis-
cussion. It might—be of inkterest, however, to point out
that the accuracy of the method is somewhat dependent on
the type of failure. Until local bending occurs the
method 1is quite acecurate; but if bowlng between frames
takes place, then the test data must be corrected for bend-
ing and, consequently, are subject to the inaccuracles of
such calculations. General instability failure usually
occure by a sudden collapse of the structure, whereas in
panel instability the fallure in most cases 1s gradual;
that is, the applied hending moment will increase after
buckling of the longitudinals between frames occurs. Also,
as discussed in reference 4, the sheet will relnforce the
longitudinals after the amplitude of the longitudinals
becomes sufficiently large - thereby causing a higher and
less clearly defined ultimate load. It is therefore much
more difficult to determine the ultimate load as well as
the longitudinal deformation of specimensg which fail by
panel instabilitvy.

Figures 2 to 26 indiéate the unit longitudinal defor-
mation as a function of the applied bending moment for
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the sheet-covered specimens. All specimens failed elther
by panel or general instability with the exception of
specimen 62, which failed in tension. Failure of this
specimen was precipitated by a bearing failure of the sheet
at the Joint, thus causing the entire ten31on load to he
carried by the longitudinals.

It was pointed out in refsrence 4 that no correlation
could be obtained betwedn the sheet-covered specimens and
the wire-braced specimens previously tested. Hence, data
pertaining to the wire braced specimens have not been in-
cluded in this Tepoft. : :

A number of photographe (figs. 43 to 48) showing the:
varlious types of fallure are included.

THEOBETICALLY PREDICTED GENERAL INSTABILITY STRESS

A detailed discussion of the analytical methods which
are avallable for calculating the general instability
stress of stiffened cylinders is given 1n reference 1. A&s
pointed out, the available experimental data were too msa~
ger to indicate whether any of the methods could be satis-
factorily used for the prediction of general instadbility.
Sufficlent experimental data are now availadle to deter-
mine the merits of each of the methods by comparing the
predicted general instability strees with fhe experimental
values. Each method will be discussed separately.

Hoff's Method

The general instability stress is given by the equa-
tion

nm? B, I
= — % % (1)
Ay (NQ)

wvhers
B Toung's modulus of elasticity, pounds per square inch
Ix moment of inertia of a longitudinal plus an effective

width of sheet (See section on A New Design Param-
eter, for effective width calculations.)
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Ay cross~-sectional area of a longitudinal

da frame spacing

The nondimensional quantity A is a function of the
structural coefficient A andg the number of frames m
involved in the failure. The relation between A and A
for constant values of m is shown 1n refersence 2. It 1s
seen that, for a constant value of A, the value of A
increases as the number of frames involved per wave length
increases, This increase in A produces, according to
eguation (1), a decrease in the general 1lnstabdility stress.
In applying Hoff's method to a practical design problem,
it would be necessary to consider the largest number of
frames which could possibdly fail, hence give the lowest
posslible stress. However, in making the comparilscrn be-
tween the unit deformation .o0/B!', as calculated by equa-
tion (1), and the test value, the actual number of frames
which failed was used. A4 comparison of the experimental
and calculated values for a large number of specimens is
shown in table II. The ecalculated values range from 11 %o
83 percent of the experimental values. If the total num-
ber of frames in the test specimen were to be used in the
calculations, the calculated values would dbe lower. It nmay
therefore be concluded %that, although im all cases Hoff's
method does predict general instability, the method is too
congervative for design purposes.

Dsgchou's Method

Dgchou obtained for the minimum general instadility
stress an equation of the form

(2)
t
S T g A
g 2 ¥ ootx .
TR : ‘ (3)
2 2 X '
Px +py t
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where

Px radius of gyration of & longitudinal together with
the corresponding portion of the sheset covering

py same gquantity for the circumferential frames
be = b + %53 equivalent shell thickness in the axial
direction
Ay
ty = 5+ Fat equivalent shell thickness in the circum-
. ferential directlon .

% sheet thickness
AL arsea of & longltudinal

A frame aresa >

The same esquatien is reproduced in Tlmoshenko s theory of
elastic stability (refeorence 6).

It is not definitely stated by either Dschou -or Timo-
shenko whether, 'in calculating Iy, Iy or, similarly,

Py py’ the total width of sheet between longitudinals

and frames should be used or an effective width of sheest.
Calculations have been made, using first the total width
of sheet betwesen longltudinals and frames and then using
an equal effective width of sheet with the longitudinals
and frames. The effective width calculations are dis-
cussed later in this report. The results of these calcu-
lations are shown in figures 27 and 28. The calculated
values in all cases are considerably higher than the ex-
perimental values. I% is also evident that the expression

(4)

HN'%

v
4]
cl'lcr' et o} !

is not suitable as a parameter, since the scatter of the
eXperimental points 1s much larger than can be contribd-
uted to experimental inaccuracies.
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Ryder's Method

The application of this method requires the calcula-
tion of three parameters, X,, K,, and X,, depending on

the geometry of the structure and on the section proper-
tles. Curves of X, and K are not availadbls for val-

ues of K4 < 0.207y hence, in gll cases where K, was

less than 0.19, it was felt that the curves in which
Ky = 0,20 would no longer be valid, and these specimens

wvere therefore not considered. The results of the calcu-
lations are shown in tadle III, where op_gyp are the

calculated general instability stresses. The ratlos of
the calculated to the experimental values are also shown.
The experimental stress in this case is not a true stress
but an equivalent stress which i1s obtained from the meas-
ured unit deformation &t failure under the assumption

that the modulus of elasticity remains constant beyond

the proportional limit of the material. The results indi-
cate, with the exception of three specimens, that the cal-
culated values are all considerably higher than the ex-
perimental values. It should be pointed out, however,
that in practically all cases the value of K, 1is less
than 0.2, which makes it extremely difficult to obtain

the value of te/pS from the curves since in this range

the wvalue of te/Pa- is very sensitive to a small change

in K,.

. . Taylor's Methoa

The general insbtability stress was calculated for a
number of-specimens and is shown in table IV. The caleou-
lated stresses are of the order of five to twelve times
higher than the experimental values. The given calculated
values are from Taylor's approximate equation, It was
found that the exact sequation gave values only glightly
different (approx. 2 percent) from that of the approxi-
mate equation, and the simplicity of the latter makes 1t
preferable for calculations. :

A STUDY OF BUCKLING PHENOMENA OF STIFFENED CYLINDERS

In the course of the  experimental investigation, 1t
was observed that in all cases of genersl instability the
last specimens showed a definite preference for failing
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radially inward. 4lso in measuring the "normal restraint
coefficient,” it was observed thst the radial deflection
was & nonlinear function of the appiied load. (See fig.
32.) TFurthermore, if the load is applied radially out-
ward, the slope of the load-deflection curve increases,
while for a Toad epplied radially inward the slope de- ~
creases. This simply means that the structure has greater
rigidlty in the outward direction than in the inward di-
rection. T e

Considering the stiffened cylinder as a whole, it 1is
immediately evident that it ie anisotropic and the influ-
ence of one member upon the other is extremely difficult
to determine.  The most slementary concept of the problem
vould be thatr of & column supported by continuous and con-
centrated elastic supports -~ a longitudinal stiffener be-
ing the column, the shee’ covering providing the continu-
ous elastic support, and the frames the concentrated elas—
ti¢c support. ' . :

The problem of a column slastically supported has been
discussed by E, Zimmerman for the case of conégntrated sup-
ports, and by F. Engesser and others for the casg of a dis-
tributed support. In all cases the investigations have
been confined to elastic supports exhibiting a linear
force-deflection relation. . o

Since the frames and the sheet have the characteris-
tics of & nonlinear elastic support, it was felt that it
would be: of general interest to investigate the effect on
the load-deflection relation of a column supported by =a
nonlinear elastic element. Inasmuch as rings or frames
are known to have the desired nonlinear propertles, a thin
semicircular steel ring, as shown in figure 43, was used
a8 the elastic support. TFor slmplicity, columns having a
simple, rather than a distributed, support were ftested.
It may be of some interest to consider first the elastic
behavior of a semicircilar ring. Designating the radial
load by P, and the corresponding radial deflection by &,
the curves of figure 29 indicate that if the load is ap-
plied radially inward, the value of P/s, +the elastile
constant, decrsasées with increasing deflection. When the
load is directed radially outward, the value of P/§ in~
creases with increasing deflection. Obviously, then, 1if
en initially straight column is supported by such an sle-
ment, or elements, it may be expected that it would have
a tendency to buckle in the direction of decreasing P/s
or, if due %o an initial deformation in the direction of
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increasing P/§ the buckling starts in that direction,
then at some deflection a sudden "jump" may occur in the
direction of decreasing P/s.

Tests were conducted on columns 0.090 inch thilck dy
0.375 inch wide and 19 inches long. These columns were
cut from 245-RT alclad sheet stock, The gteel ring was in
all casgses 8 inches in diameter and 0.008 inch thick., The
test apparatus and method of testing are 1llustrated in
figure 435,

The results of these tests are indicatsd in figurse
30, where the ratio of the column load to the Fuler load
1is plotted as a function of the ratlio of the normal de-~
flection &8 at the center of the column to. the colunmn
length 1.

Congildering the results of figure 30, 1t is seen that
the elastlic support increases the buckling load of the
"stralght" column (upper curve) to nearly 3.5 times the
Euler load. This load is reached at a relatively small de-
flecetion. As the deflection § inecreases, the decrease
in load is at firet quite rapld, then more grsdual as the
deflection becomes larger, and may approach a minimum at
large deflections. It was not possible to reach very
large deflectlions beeause of plastic failure of both the
rings and the columns. The lower curvee in the same fig-
ure indicate the effect of initial deflections in which
the column was rolled to approximately the form of a
half-sins-wave, the maximum initial deflection being des-
ignated by 8,. These curves show that, with increasing
initial deflection, the maximum load decreases and occurs
at increasingly larger deflections. In all cases the load
sustained by the column tends to approach at large deflec-
tions the "minimum load" of the straight column. Thus,
in case of a nonlinear support, any initial imperfections
of the specimen will appreciably lower its buckling load.
To illustrate the contrast between the column with a non-
linear elastic support and one with a linear elastic sup~
port (a coiled spring), a number of tests were conducted
on the same typs of column. ALAg may be seen from the
curves of figure 31, the columnse with an initial deflec-
tion in all cases approach the maximum load of the straight
colunmn.

The most striking features of the column supported by
a nonlinear elastic clement are: first, as the deflection
increases the load decreases; secondly, there are two or
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more possible configuratiqns of aquilibrium for the same
load; one corresponds to § = 0, the others to & > O.

Since the longitudinal members in a stiffensd cylin—
der will behave in a mahner similar to the column with a
nonlinear eslastic support (fig. 32), the buckling charac-~
teriatics of a stiffened cylinder must be similar to those
of the nonlinearly supported column. Therefore, any the-
ory which i1s based on the assumption of small deflections
will prdbadly give a much higher load than that actually
nbserved, since in a test specimen initial lmperfections
will prevent the specimen from reaching the maximum load,
and will cause it %o fail at some lower load depending on
the degree of imperfectlon present in the specimen. This
expectation ig Terified by the comparison between the ex—
perimentally observed stresses and the predicted stresses
as obtained from the theorles developed by Taylor, Dschou,
and Ryder, which are essentlally based on small deflec-
tions and linear restraints.

- 4 theory based on large deflectlons would be extreme-
1y difficult becaunse ¢f the nonlinear load-deflection re-
lationship discussed in this section. This difficulty
mgkes 1t desirable to attack the problem by experimental
methods which would lead to the development of a suitable
design parsmeter,

A NEW DESIGH PARAMETER

The buckling phenomena of stiffened cylinders and the
attending difficulties of a theoretical solution ‘have been
discussed in the previous section. It was hoped, however,
that it would be possible to obtain a design parameter
which would determine the eritical value of g/E' with a
satlsfactory accuracy for design purposes.

With this thought in mind, a number of specimens in
which odly the geometry ¢f the structure was varied were
first tested. The results of these tests are shown in
figure 33, where the unit strain o/E' 4is plotted as a
function of the longitudinal spacing b for constant
values of d/b - referred to as the reinforcement aspect
ratio, The curve corresponding %o an aspect ratio of
1.58 was considered ag the master curve 'and the remain-
ing curves are an expansion of this curve; hence they fit
best by changing the horizontal secale.
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A log~log plot of the expansion factor 2s a function
of . &/1 indicated ‘bhat this factor Varied epproximately

as /d/b. In fact, plotting the unit strain G/E' as &

functzon of ./b , & single curve, a&s indiocated in fig—
uwre 34, is obtalined., A& log—log plot &f the unit strain,

o/E' as a function of ./ bd. showed that B'/C varled

approximately &s A/b . This, then, gives the Influence

of the geometrical varlables on the general instabllity
failure. .

The next guestion is: In what manner does the radius
B and the section parametors p, and Py enter into the

design parameter sought? By asnalogy - with the buckling
of unstlffened eylinders - it can be expected %habd, for
identical values of b, d, py, and Py the reciprocal of

the critical value of the mnit strain varies linearly with
R. This surmise was checked by testing specimens with two
different radili (R = 16 in. and 10 in.} and was found-to
be correct. Hence, it was concluded from these results
that the design parameter has the form

%
~ bd R

f (px,py)

From dimensional reasoning, it follows that the funcetion
f (px:,py) must have the dimension of the 3/2 power of a

length, The gimplest assumption for the function which
determines the influsnce of the section parameters, py

and py, i1s that it depends on the geometrical mean value

Te— e

Vi p p only. I% was found that, in the range covered by

the experiments and by the use of rsasonable methods for
the calculation of the effective width of the sheét,  this
agsumption appears Jjustified. Thus the design parameber
appears in the form S _
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Concerning the width of sheet to be used with the lon-
gitudinals and frames, Hoff (refercence 7) and Cox (refer-
ence 5) have pointed oubt that the sffective width for sta-
blility is not. the .same as that Pased on the load-carrying
ability of the,sheet . 'In fact, Cox states that the effec-~
tive width assdciated with buckling phenomena is Propor-
tional to the rate of increase of the apparent stress to
the rate of increase of the actual strese, rather than to
ths chord value as illustrated in figure 3 (refexrence 5).
Assuming that Marquerre's effective width equation

2Wg _ ®/%¢

b cst
is sufficiently adcurate for our purposs, thoen the appar-
ent stress o is given by the equation

a
3
W g
.0 = =2 g = G L
t st
g b 8 _ Gst
where
o longitudinal stress, pounds per square inch
st
(= sdge stross)

e buckling stress of the sheet, pounds per square inch

The effective width for stability is then o

3
2wy _ 40g _ 9
b dogt o

= 2
3 st

In all calculations involving the effective width of sheet
acting with the longitudinals, this value has been used
with ﬁhe exceptlon of the calculations involving Ryder's
work, since in his work the effective width is definitely
specified.

The amount of sheet acting with the frames 1s 4diffi-
cult to evaluate by analytical means; trial calculations
indicated that the best results were obtained when the to-
tal width of sheet between frames was .used., For this rea-
son, py wWas calculated assuming the entire width of
sheet to be effective. The variation of Ix' Iy, Pxs

and py as a function of the effective width is shown in
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figures 38 to 41; where I, and p, is the moment of in-
ertia and the radius of gyration 6f the member alone.

In some cases a further cor;edﬁibn, which is discussgead
in the appendix, 1s to be applied to the radius of gyration.

The unit strain o/E' at failure (general instability),

R */Tpa

plotted as & Tunction of vr___;w /5
p
Py Py Py Px

figure 35; this curve is not very convenient for design
purposes as the slope of the curve becomes too steep for
high valuss of G/E!, 4 more desirable presentation is

/Px P “Px Py
to plot O/EB' as a function of ﬁiféz:i- —fa—z- The

results are indicated in figure 36. As may be seen, the
experimental values lie clase to a straight line with the
exception of three points. Two of these points corre- .
spond to tests on the channel section frame. As these

frames failed by local instablility of the outstanding legs

(see fig. 44), it may be expected that the results would .
be low for the channel does not develop the strength corre-
sponding to the calculated value of py.' This can be 1l-
lustrated by considering the behaviaer of an open-section

column sudbJected to an axial thrust. The critical column
strees is glven by the equation -

s is shown in

If the critical column stress is higher than the local in-
stability stress, the column will fall at the lower stress.
This essentially means that an effective value of o can
be obtained corresponding to this lower stress, that is,

Perf _ Ofailure
P . %% ' .

It seems reasonabls to assume that the frame behavee
in a similar manner and thet the effective radius of gy- .
ration 1s lower, due to the lecal instability failure. T

et

bd

R “"/
v Py py px Py

s 1s the

This new design parameter,
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ratlio between the radius and a quantity having the dimen-

' Py P \
sions of a length defined by ./ PRPy —%E—zr. Hence, it

appears that this length is proportional, to some sxtent,
to an equivalent thickness of the relnforced cylindrical
sbtructure.

The falling stress of an unstiffened cylindrical shell
of radius B 1is given by

Bt

where %t is the thlekness of the shell and %k 1s an en-
pirically determined constant. Replacing the thickness
t by the radius of gyratlon p of a strip of the shell
of unit width, equation (5) can be written in the form

' é%_= k Ang_E (s8)

For purposes of comparison, the failing stress of the
reinforced cylinders investigated can be expressed ag a
function of the new parameter in the form

. "4
/ﬁvpxpyﬂ%

.E_U;;=k! ' . (7)

where k! is a numerical constant. Figure 36 shows thatg
equation (7) covers, with a fair approximation, the cases
in which general instabllity sccurred.

* By introducing the geometrical mean value . px Py
1% can be assumed that the influence of ths anisobropy of
the structure is approximately taken into account. Then,
by comparison of eéquations (6) and (7), an sffective radi-
us of gyration can be defined as

4
pe=§l ./P Py = ./pz'py .' -(.8)

' Px Por
where o = E— M/-AE——X can be considered as a correction
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WPy Py a

factor to the ratio g . Now E— is the slenderness
: x

ratio of the longitudinal, taken as a column betwsen two

frames and, similarly, gl ig the slenderncss ratio of the
. Y .

frame taken as & column between two longitudinals. If the

geometrical mean value of these two slenderness ratios is

defined by A, that is,

A = __bd (9)

then the correction factor ¢an be expressed as

_ ki 1 (10)

R A

It 18 evident that 1f the stiffened shell were to be con-
sidered as an equivalent shell, in which gll the materi-

als are uniformly distributed, then the only appropriate

Jeo_ P
paramceter to be used is —f—g——z. The appropriate param-

eters which enter into the problem of buckling of a trusse
are the slenderness ratios which appear in the guantity

A= / ——EE-; ~The fact that the empirically derived rela-
P /Px Py

x Py’ _
tlion given here involves both parameters, —— g and A,

indicates that a stiffened cylinder canncot bs treated ei-
ther as an equivalent cylinder of uniform thickness or as

a cylindrical truss. Therefore, the work of Dschou,
Taylor, and Timoshenko, which is based upon the concept of
ar equivalent uniform ghell, cannot be expscted to give
correctly the general instability stress of stiffened cyl-
inders. The error is particularly large if the flexural
rigidity is concentrated in frames of large cross-sectional
area. -

It is of interest to calculate the numerical value of
the factor o, using for k' +the values obtained from
the experiments of thig report, and far k the value
k = 0.3, which is a reasonable average value for unstiff-
ened shells in the range of o/E involved. The values of
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P SR :
J/ bey vary from 0.0598 to 0.219, as shown in table V;

_the average slenderness ratio. A varies from 280 to 21.
The: values of @ corresponding to these limiting cases
are @ = 0.,254. and o = 0.932.. The lower limit is ob-
tained for a structure'(specimen 34) with a 10.l2-inch
longitudinal, & l6-inch frame spacing, and an averagse
slenderness ratio of 280. The upper limit refers to spec-—
imen 55 with a 2.53-inch longitudinal, a 2-inch frame
spacing, and an average slenderness rativ of 21.

It ig seen that for structures in which the stiffen-
ing elements are widely spaced, it is necessary that &
multiplying factor much smaller than unity be applied to

the gquantity Py Py+ In the case of close spacings the

¥
factor is of the ordsr of 1.

It is realized that this discussion does not repre-
sent a complete theory of the buckling of reinforced cyl-
lndrical shells subjected to pure bending. In particu-
lar, it cannot be expected that the use of geometrical
mean values will take care of the anisotropy of the struc-
ture with sufficient amccuracy in all extreme cases; for
example, if the cylinder is stiffened in only one direc-—
tion. It is hoped, however, that the relation developed
in this report will cover most ‘of the structures cccur-
ring in practical design. '

The practical application of the design parameter is
relatively simple. Since the designer will.have the nec-
essary data to compute the numerical value of the parame-
ter, the general instability stress can be immediately ob-
btalned from the curve of figure 37. .In view of the fact
that general instability causes & complets collapse of
the structure, it 1s recommended that allowance be made
for ample margins, and in no caese should the allowable
stress exceed the boundary line indicated in figure 37.

As previously stated, when the frames fail by local insta-
bility the general instedbility stress is congideradly
lower than that defined by the curve of figure 37. Hence,
until further data are obtained on this type of failure,
the curve of figure 37 should be used with caution when
local instability of the frames is likely to occur.

If a reinforced cylinder fails by panel instability,
the buckling stress 'should in all cases be lower than the
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stress necessary to cause a general instability failure.
‘"This is obvious since, in order that panel instability may
occur, it is necessary that the frame be sufficlently rig-
id to malntain clossely the shape of the structure at the
frame, If the frame is not sufficiently rigid 1t will
fall before the panel inetability stross is reached and
result in a general instability type of failure. A number
of the test specimens failed by panel instability. The
unit strain at buckling is shown in figure 37 and, as
pointed out, these values should and do lie below the
curve defining general instadbility. '

Guggenheim Aeronauntical Laboratory,
California Institute of Technology,
Pasadena, Calif., July 1940.

APPERDIX
CORRECTION FOR THE EFFECT OF THE TORSIONAL RIGIDITY

OF FRAMES ON THE STRENGTH OF CYLINDERS

Owing to the particular method of attaching the stiff-
eners to the frames, it is felt that the torsional rigid-
ity of the frames acts as an additional restraint in the
bending of the stiffeners. This effect will be apprecia-
ble if a frame such as Fg, which has a large torsional
rigldity, is used. It is therefore necessary tov correct
for this effective lncrease in rigidity. 4 physical rea-
soning immediately leads to the following expression for
the effective moment of inertia of the stiffeners:

Igep = lg *EC. (1)
wherse
I‘,3 o5 effoective moment of inertia of the stiffener, in.®
e . :
Iz . moment of inertia of the stiffener with effective
width of shest, in.*%
C torsional rlgidity of the frame divided by the

shear modulus of the material, in.



NACA Technical Note No. 909 19

k a nondimensional factor which gives the effective-
ness of the frames in supporting the stiffeners
in bending

The foliowing,analyéis is an attempt to estimate
this nondimensional factor k. Consider a wave of the
buckled shell, as shown in figure a.

. 5 < < ) - < r
3 P
s AN
7~ a 2
Vd Y
L '4\
/P' N
3 ya i
- N\
4 N
4 N
£ 7 3
/ AN .
./, N
N
L ra < N 7
N Vs
N s
ya
< i ]
'\ A
N 7 — /1 Frames
N /
T—I N pd
N s
. 'd. A Y 4
N, . ¥
—L»‘z —— £ ’
JoU |
_¥ NN
— : N L] N d\\\ .
l— _4 \.Stiffeners
Figure a.

At the boundary of the wave the frames are not twisted
by the bending of the stiffeners. At the Joint with the
stiffener the frames are rotated an angular amount equal
to the slope of the deflection curve of the stiffener.
If w 1is the deflection of the middle stiffener, then

this angle is %% at the joint with this stiffener. As

a rough estimate, let the rate of rotation of the frame be
%ﬁ/l where 1 is the average buckled wave length of the

framesg.
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~The torsional rigidity of the frame ig GG where G
is the shear modulus, or G = —2E . In order to
2(1 + @)
simplify the calculation, this amount of torsional rigid-

ity is assumed to be dietributed within the frame_spacing
d. Thus the distributed torsional rigidity is

This distributed torsional rigidity multiplied by the rate
of rotation of the frames gives the dlstributed moment
acting on the stiffener due to the torsional rigidity of
the frames. The total moment at a certain section due to
this effect will be the integral of the distridbuted mo-
ment from one end of the stiffener to the sectlon con-
cerned: or

X
B C dw 1
M = ————— = dX
torsion b/n 2(1 +.p) & dx 1
o
= 2 Su (2)
2(1 + o) a
Thus the equilibrium equation for the stiffener 1is
2 .
ad%w E C 1
EI = ot — = + Pl w =0 (3)
st 3x? [ 2(1 + 1) a o ]

Comparing this equation with the equation for Euler column
with effective moment of inertia I

sborr’
BI "W 4 Py = 0 | (4)
Eteff dx®
we have _
P _ P 1 ¢c 1 x°
2 : — = o -
EISteff— EIBt 2(; + P) Ist dl L

where L is the wave lsngth of %the fuckle; or

n? 2 Iéteff&_ :1 C 3; -
n° Iat 2(1 + p) Igg dl

that 1s,

B
2(1 + p5.5 )
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I

____._Bteff = 1 + 1 I_,B- C
It 2(1 + p)u® al Igyg
therefore
) . . . ~ - 3 ° .
I = I_. + L 1 E_] o (5)
% %
SVerr . % on® (1 + p) at

Comparing this equation with egquation (1), the value of
the interaction factor k can be obtained as

1 L (6)
on?(1 + 1) &t

'Using the values of 1 and L from experimental
data, it is -possible to estimate the value of this factor
which is found to be of the order of 1. For the majority -
of the frames, the value of Igy 1is much larger than ©C
with the exception of frame F5;. Hence, the correction was
only applied to the test specimens in which frame ¥, was
used. : _
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IABLE L
Purs Banding Tests of Longlitudinal - Framé Combinations

605 "0 630H TBIIWN(Oe], YOVK

Tost {Frams [Sheot | Long, | Frens [Eadius | dax, ! _
o, T‘h:lo.k. Sp;oln_g 'Sp;oing _ g;;:m W /?‘ /C?' M /7 Type of Fallure
25 [Pg | .010 | 2.5% ‘8 1692 «00170 [2,1201.1168 |.02336 |.01145 2822'| General Inatability .
28 2,55 4. .00208 | 1.783 |.1165 |.02677],01520 | 2150 " "
27 3.83 2 +,00288 |1.600|.1185 [,02856{.01380 | 1730 " =
2 2.55 | 18 00130 | 2.5201,1169 |.01875 |.01010 | 3970 | Etarted by Panel Instability
_ Fimal Failure Oeneral Instabllity

29 . 5.06 | 16 .00092 (2,908 {.1160 |.01876].01025 | 4660 | Panel Instability
50 5,08 8 .00140 | 2.520|,1166 |,02336].01190 | 3370 | General Instability
31 5, 06 4 00190 |2.320|.1189 |.02677(.01325 {2550 | ™ "
sz 5.06 2 00256 11,783 11167 [.02838 101380 | 2080 v "
34 10.12 | 16 .00088 | 3.560 [,1130 1,01876 [.00076 | 6820 | Started by Panel Instability

: Final Failure- General Instability
55 10,12 | ® .00120 |2.698 (1120 |.02536).01160 | 4120 | Gemersl Istahility
38 10.12 4 .00164 |2.620 [.1122 [ 02877 [ 01280 | 5136 w gl
37 1012 | 2 .00200 ]2.120 |.1117 J.02836).01830 2540 |  ® .
58 5,06 1 .00283 |1,500),1164 |.02801 ). 01380 {1765 ., "
39_ 010 | 2,53 1 100526 | 1,261 |.1170 |.02801 |, 01860 | 1478 a "




TABLE I (CORTD, )

Test { Frame|Sheet » | Frame [madius| Max, |
Yo, |Thieck. Sp.i,cing Sp;cing g:i:in 6d g (C; ‘6_&]1 &H Type of Failure
0 |rg | .o15| 25 | 16 [15.92"| coor0e o 820|.1176 |.on7es [ oosss | 4210 | remel Tnstamiiey
9 2,83 8 .00182 [2.120(,1380 (.02176 101140 | 2960 | General Instability
42 2,53 4 .00216 (1.78% [.118¢ |.02808 | 01310 | 2168 u "
43 2.55 2 00280 |1,500(,1184 {.02879 |.0141Q | 1695 " "
44 506 | 16 .00066 [2.998[,1140 |,01725 1, 00935 | 5210 | Panel Instabllity :
45 5. 06 8 +00146 [2,520[,1150 {,02176 |.01120 | 3580 | General Instability
46 5. 08 4 00167 [2,120}.1151 |, 02608 |, 02286 | 2630 v "
47 Be 08 2 .00249 {1,763 |,1151 |.02879 |, 01580 | 2060 . "
48 10,12 | 16 .00048 [3,560(.104 (,01728 |,00870 | 6620 | Panel Instability
a9 10,12 8 .00128 |2.998(.1049 |,02176 |. 01060 | 4540 | General Instability
50 10.12 4 ,00150 {2.520].1060 |.02608 |.01295 | 3560 " "
51 | Fg | .015| 10,1z 2 J1s92 | ,00250 |2.120[.1061 |.02879 [.01500 | 2600 v .
52 |Fy | 010 2.5 ( 16  [16.00 | .00180 [2.520(.1168 {0,1288].0450 | 938 | Pane) Instability
53 2,53 8 .00216 (2.120(.1165 | 0.0811},0303 | 1120]| " "
] | 2w | 4 -005752 |1, 785 1168 | 0.0982|.03500| 812 | Gemerel Instability

e
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TABLE T (CONTD, )

Test|Frame |Shoot | Leng, | Frems [Rsdius| Max, |4
¥o. |[Thiek. Sp;o:lng Bp:o:lng gﬁm 74; ~ @ 128 ‘&, Type of Prilure
66 | Fy | .0l0| 2.8% 2 16 | .004775|1,500|.1168 | ,11000(,0578 | 635 | Generel Instability
56 B, 08 15 .00080 |2.598 .1iso .06350/,0250 | 1920 | Penel Instability
57 8 .00228 |2,520|,1150 | ,08110|.0500 | 1545 | Panel Instability
58 4 +004550|2.120/.1160 | ,09820(,0350 | 965 | Caneral Inztability
59 | Fy 2 ~00616¢|1.783|,1165 | .11000|, 0878 | 742 " "
60 | By 8 .00245 [2.620].1270{ ,06540(.0260 | 1715 | Pundl Instability
61 4 .0049272,120|.1270 | ,06400[. 0254 | 1245 | Gemeral Instability
62 £, 06 2 1,783 » 06180 Tension Fallure
63 2,55 4 + 0040461, 785 [, 1278 | ,06400(. 0265 | 1045 | General Imstability
64 | By 2.53 2 18 | ,005100{1,500(,1278 | .065180 |, 0247 | 905 " "
66 | Fg 2.61 | 4 o | .003150|1,798(.1165 | ,02677 |, 0152 | 1362 g .
66 2,61 2 .004200(1. 6510|1168 | .0283¢6 |, 0136 | 1095 " "
67 5. 22 4 »002950|2,175(,2165 | .02677 |. 0152 | 1680 " "
€8 5, 22 2 ,003750(1.798]. 1166 | ,02856 |.0188 | 1300 " "
73 2,61 4 . 005200 [1.7¢8 |. 1162 | (02677 | 0132 | 1365 " .
74 | P; |.000| 2.6 2 10 |.004400)1.510}.2164 | 02836 ).0138 | 1095 » '
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TABLE 1T
Caloulation of the General Instability Stress
by Hoff's Method
;I‘est No. % . I,: . I' : A_ m LQGA A % &g-ir
30 8.46 | .0008878 | 000057 a7 | 4| 265 | 23] .000851 |0.408
51 8.75 | ,ooosss |.ooc0sezs | w,610 :| a| s.658 | 4.28| Looasse-0.5is6
52 9,16 | .000864 | .0000SE55 | 28,820 | 15 | 4.46 | 7.85| .000881 |0.5205
35 s.2 | .000815 | .0000464 218. | 8| 3.389 | 2.8 | ,000498 [0.416
36 9.65, | .000805 | .0000462s | 1,740 -| 6| z.241 | 5.36] .o01365 0,632
s 8.04 | .000823 | .oo0o46sz | 14,120 | 16| 4.15 | 8.3 | .o00s1z |o.454
@ £.595 | ,00066% | .00008978 | 626 | 7| 2,917 | 3.8 | 000219 |0.178
42 6,168 (T_.oooscns- 0000370 | €910 | 11| 3.8¢ | B.8 | 000885 |0,2118
43 6.5 | .0008598| ,0000367 | 55,460 | 18 | 4.744 | 8.¢ | .000892 |0,28
46 - | B.8a | .ocores |.o000481 | 410 | 7| 2613 |3.72| .0002742]0.108
¢6 6.30 | 00079 | .0000ATE 5,208 | 11| 3.518 | 5.74| 0004575 0,274
n 6,23 | .00078. | .0000478 -| 26,210 | 16| 4.419 | 8.85| .00087 0,358
w | e ,000938 | .o000888 | 188 | 7| 2.207 5.61| .0003432| 0, 2662
50 7.85 | .000936 | 0000878 1,696 | 11| 3.205 | 6.65} .000665 |0.57%
. 51 8,34 « 0009345 | 0000678 12,7%0 15 ‘-i‘. 105 .7'.78 +001162-. 0..485
B4 | 15.55 | 00063 | .000416 609 '| 12| 2,7085| 5.85| .000R9E6| 0,792
88 | 22.35 | .0006245 | .000486 256 | 10| 2.4085| 4.9 | 000495 |0,1187
69 | 22.0 | .0006248| .000488 | 2,045 | 15| 5.511 | 7.5 |.000848 |0.1378
‘61 | 35,2 | .0006245| 0003835 s2¢ | 6| 2,511 | 5,23 00014 |O.232
"63 16.85 | .000524 | .0003515 620 | 8| 2.1985| 4.2 | .o00B68 [0.14
6¢ | 13,25 | .000635 | .0005865 | 6,050 | ‘13| 3.7085( 6,7 | ,0009075(0.178

*Obteined from test desoriptisns,



TABLE III
Caloulations of the Genersl Instability Stress

by Ryder's Method

Test No, AS A-p I s If Kz K? Kq_ t% : ée o;-cn_ d'%m
s | .o450 | .0332 |.0c066vs | ;0000282 | ,o0206 | .3%¢ | .1905| .125 | .olea | 5,500 | .4Ya
5 L0474 " ' +0006E8" " JOA3L +682 | 198 + 375 .-0455 16,530 «918
s2 | .oa8 | " |.ocvess " .0826 | 1,304 | ,195 | .650 | .0750 | 28,800 - | 1,177
55 | .0846 v | 000815 " L0857 | L60L | .200 | L4156 | ,0477 | 18,200 | 1.585
5 | .0640 v |, 000809 " L0678 | 1012 | .202 | .65 | ,0707 | 27,000 | 1.733
s7 | .0s88 | " | ,o00823 " 1555 | 1,965 | .284 | .9%4 | .l078 | 41,000 | 2.16
38 | .0496 * | 000875 " .1626 | 2,80 | .189 | .e80 | .1092 | 41,700 | 1.86
a6 | .0804 | 0852 | .o00795 | ,0000412 | 0282 | .284 | .232 | .261 | .o298 | 11,260 | .eax
48 | 0597 n | o007 " .0507 | 574 | .286 | .469 | .0851 | 21,000 | 1.325
a7 .0598 " . 00079, " 1014 | 1.145 | .235 756 | .0888 | 53,900 | 1,485
40 | ,o08s8 * | .000038 " .0427 | .00 | ,s28 | .478 | ,0563 | 21,600 | 1,77
60 | 0831 " | ,o00928 . .0864 | .826 | .338 | ,B06 | .0948 | 36,200 |.2.64°
51 | .0822 " | .000926 . 1755 | 1.670 | .34z | 1142 | .1546 | sL,400 | 2.16
58 | ,0866 | ,0276 | .000625 | .00043¢ | .676 .689 | .205 | 1.6%8 | .180 | 68,700 | 1.666
59 .0458 n « 000626 w 1,352 1,178 .,205.| 1,954 | .226 86,500 | 1.475
61 | .0456 * | .o00625 " .65 | 1,857 | .206 | 1.688 | .180 | 68,700 | .47

606 "0 S10F TWOTUNO9F YIVX
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TABLE IV

Caloulatioms of the Gemeyal Inztability Stress

By Taylor!s Hethod

8g

| B L |C@AE)| Ve | Ve Erlow | ’?‘y
[ ¢t e

25 .0001419 | .ovoooles | .omees | 7e.2 | 2ra0 | aro | L0228 | 124,500 | 7.78

27 0001419 | .00000771 " 78.2 89,5 " .0228 | 147,000 | 5.40

50 .0000740 | .0000C1ON . 15,0 274,0 " 0364 | 154,000 | 12.60

52 0000740 | .000007TL . 155, 0 68.5 " . 186,500 | 7.3

55 - 0000368 «00000193 " 512,0 274,0 " L0152 | 186,000 | 10.1

57 .0000368 | 00000771 u 512.0 68.5 n L0132 { 200,000 | 16,6

806*0§ 830K TWOTUYOAL VOVN
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TABLE V

Values of the Factor 3 and the Slendermess Retio A
for the Test Speoimens

Test No. Px Py %7'%‘#-"- $ A
25 1188 .02335 10779 ~ 0.457 92,50
26 ..1165 .02677 .1325 0. 562 56.85
27 .1165° . 02836 .1598 0,678 39.03
28 .1189 .01875 . 0858 0,564 135,4
30 .1165 . 02335 » 0906 0.384 121.9°
31 1189 . 02677 11254 0.477" 78.90
32 .1167 . 02836 1345 9, 570 55. 28
34 »1110 .01875 ,0598 2,254 279.2
35 .1120 .02335 .0754 0,320 175.7
36 1122 02677 ,0926 0,393 116, 7
37 »1117 . 02836 .11182 0,478 . 79.80
38 ,1164 _ .02801 ,1583 0.67€ 59,39
59 - L1170 .02801 | .1897 0.808 27.80
41 .1180 . 02176 .10616 0.450 93.88
42 .1184 . 02608 .1322 0. 561 57.20
43 .1184 .02879 .1611 0. 683 38. 5%
45 . 1150 . 02176 . 08836 0.375 .28.2
46 L1151 . 02608 .11041 0,468 81.90
47 .1151 . 02879 1345 0. 570 55.30
49 . 1049 02176 . 0737 0.313 184.4
50 .1060 . 02608 . 0509 0.386 ©120.9
B1 1081 . 02879 .11084 0. 470 81.54
54 .1188 . 0982 .1833 0,777 29,74
55 .1168 .110 2193 0.932 20.80
58 .1180 ©.0982 . 1540 0.653 42,20
59 .1165 .110 .1888 0.800 28.17
61 .1l1e . 064 . 1384 0,587 52,15
63 .1168 . 064 .1648 0,699 36.80
64 .1168 . 0618 .1942 0.824 26, 53
66 .1168 « 02836 .1587 0.673 39.71
87 L1165 » 02679 L1106 0,469 81.80
68 .1166. . 02836 .1334 0. 566 56.19
73 .1162 « 02677 .1314 0: 557 57.85
74 .1164 .02838 .1586 0.673 39.74
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Figs. 43,44

Test apparatus

Figure 43.
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